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Abstract 
Assuming that there are plural dependent statistics and their joint probability density function is known, we arrange them in 
order of a size of value. In this study, we derive the explicit formulae of the probability density function of two statistics 
among the ordered statistics. Then, we derive the probability density function of the range of ordered statistics and discuss its 
applications. 
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1． Introduction 
 
Assume there are plural statistics 𝑆𝑆1, 𝑆𝑆2,⋯, 𝑆𝑆𝐾𝐾. Arranging 

them in order of a size of value, assume  
𝑆𝑆(1) ≤ 𝑆𝑆(2) ≤ ⋯ ≤ 𝑆𝑆(𝐾𝐾). 

𝑆𝑆(1), 𝑆𝑆(2), ⋯ , 𝑆𝑆(𝐾𝐾) are called the ordered statistics. When 𝑆𝑆1, 
𝑆𝑆2,⋯, 𝑆𝑆𝐾𝐾 are independent and are distributed according to a 
same probability distribution, the explicit formula of the joint 
probability density function of 𝑆𝑆(𝑙𝑙) and 𝑆𝑆(𝑚𝑚) for 1 ≤ 𝑙𝑙 <
𝑚𝑚 ≤ 𝐾𝐾 is known. However, when 𝑆𝑆1, 𝑆𝑆2,⋯, 𝑆𝑆𝐾𝐾 are 
dependent, the explicit formula of that is not found. Imada 
(2022) derived that for dependent 𝑆𝑆1, 𝑆𝑆2,⋯, 𝑆𝑆𝐾𝐾 in a certain 
case.  
In this study, under the assumption that 𝑆𝑆1, 𝑆𝑆2,⋯, 𝑆𝑆𝐾𝐾 are 

dependent and their joint probability density function 𝑓𝑓(𝑠𝑠1, 
𝑠𝑠2,⋯, 𝑠𝑠𝐾𝐾) is known, we derive the explicit formula of the 
joint probability density function of 𝑆𝑆(𝑙𝑙) and 𝑆𝑆(𝑚𝑚) for 1 ≤
𝑙𝑙 < 𝑚𝑚 ≤ 𝐾𝐾. Then, we derive the probability density function 
of 𝑅𝑅(𝑙𝑙),(𝑚𝑚) = 𝑆𝑆(𝑚𝑚) − 𝑆𝑆(𝑙𝑙), which is the range of the ordered 
statistics 

𝑆𝑆(𝑙𝑙) ≤ 𝑆𝑆(𝑙𝑙+1) ≤ ⋯ ≤ 𝑆𝑆(𝑚𝑚). 
Furthermore, we discuss its applications.  
 
2. Joint probability density function of 𝑆𝑆(𝑙𝑙) and 𝑆𝑆(𝑚𝑚) for 
1 ≤ 𝑙𝑙 < 𝑚𝑚 ≤ 𝐾𝐾  
 
We determine the joint probability density function  
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ℎ(𝑙𝑙),(𝑚𝑚)(𝑠𝑠(𝑙𝑙), 𝑠𝑠(𝑚𝑚))  of 𝑆𝑆(𝑙𝑙)  and 𝑆𝑆(𝑚𝑚)  for 1 ≤ 𝑙𝑙 < 𝑚𝑚 ≤ 𝐾𝐾   
Since  
 

ℎ(𝑙𝑙),(𝑚𝑚)(𝑠𝑠(𝑙𝑙), 𝑠𝑠(𝑚𝑚)) 

= 𝜕𝜕2

𝜕𝜕𝑠𝑠(𝑙𝑙)𝜕𝜕𝑠𝑠(𝑚𝑚)
𝑃𝑃(𝑆𝑆(𝑙𝑙) ≤ 𝑠𝑠(𝑙𝑙), 𝑆𝑆(𝑚𝑚) ≤ 𝑠𝑠(𝑚𝑚)), 

we derive the explicit formula of   
𝜕𝜕2

𝜕𝜕𝑠𝑠(𝑙𝑙)𝜕𝜕𝑠𝑠(𝑚𝑚)
𝑃𝑃(𝑆𝑆(𝑙𝑙) ≤ 𝑠𝑠(𝑙𝑙), 𝑆𝑆(𝑚𝑚) ≤ 𝑠𝑠(𝑚𝑚)). 

Assume 𝑑𝑑𝑠𝑠(𝑙𝑙) ≠ 0, 𝑑𝑑𝑠𝑠(𝑚𝑚) ≠ 0  Letting 
𝐺𝐺(𝑙𝑙),(𝑚𝑚)(𝑠𝑠(𝑙𝑙), 𝑠𝑠(𝑚𝑚)) 

= 𝑃𝑃(𝑆𝑆(𝑙𝑙) ≤ 𝑠𝑠(𝑙𝑙) + 𝑑𝑑𝑠𝑠(𝑙𝑙), 𝑆𝑆(𝑚𝑚) ≤ 𝑠𝑠(𝑚𝑚)) 
−𝑃𝑃(𝑆𝑆(𝑙𝑙) ≤ 𝑠𝑠(𝑙𝑙), 𝑆𝑆(𝑚𝑚) ≤ 𝑠𝑠(𝑚𝑚)), 

we obtain  
ℎ(𝑙𝑙),(𝑚𝑚)(𝑠𝑠(𝑙𝑙), 𝑠𝑠(𝑚𝑚)) 

= lim
𝑑𝑑𝑠𝑠(𝑙𝑙)→0,𝑑𝑑𝑠𝑠(𝑚𝑚)→0

 

×
𝐺𝐺(𝑙𝑙),(𝑚𝑚)(𝑠𝑠(𝑙𝑙), 𝑠𝑠(𝑚𝑚) + 𝑑𝑑𝑠𝑠(𝑚𝑚)) − 𝐺𝐺(𝑙𝑙),(𝑚𝑚)(𝑠𝑠(𝑙𝑙), 𝑠𝑠(𝑚𝑚))

𝑑𝑑𝑠𝑠(𝑙𝑙)𝑑𝑑𝑠𝑠(𝑚𝑚)
.   (2.1) 

Assume 𝑑𝑑𝑠𝑠(𝑙𝑙) > 0, 𝑑𝑑𝑠𝑠(𝑚𝑚) > 0  Then 
𝐺𝐺(𝑙𝑙),(𝑚𝑚)(𝑠𝑠(𝑙𝑙), 𝑠𝑠(𝑚𝑚) + 𝑑𝑑𝑠𝑠(𝑚𝑚)) − 𝐺𝐺(𝑙𝑙),(𝑚𝑚)(𝑠𝑠(𝑙𝑙), 𝑠𝑠(𝑚𝑚)) 

= 𝑃𝑃(𝑠𝑠(𝑙𝑙) ≤ 𝑆𝑆(𝑙𝑙) ≤ 𝑠𝑠(𝑙𝑙) + 𝑑𝑑𝑠𝑠(𝑙𝑙), 
𝑠𝑠(𝑚𝑚) ≤ 𝑆𝑆(𝑚𝑚) ≤ 𝑠𝑠(𝑚𝑚) + 𝑑𝑑𝑠𝑠(𝑚𝑚)) 

= 𝑃𝑃(𝑆𝑆(1) ≤ 𝑠𝑠(𝑙𝑙), ⋯ , 𝑆𝑆(𝑙𝑙−1) ≤ 𝑠𝑠(𝑙𝑙), 
 𝑠𝑠(𝑙𝑙) ≤ 𝑆𝑆(𝑙𝑙) ≤ 𝑠𝑠(𝑙𝑙) + 𝑑𝑑𝑠𝑠(𝑙𝑙), 𝑠𝑠(𝑙𝑙) + 𝑑𝑑𝑠𝑠(𝑙𝑙) ≤ 𝑆𝑆(𝑙𝑙+1) ≤ 𝑠𝑠(𝑚𝑚), 

⋯ , 𝑠𝑠(𝑙𝑙) + 𝑑𝑑𝑠𝑠(𝑙𝑙) ≤ 𝑆𝑆(𝑚𝑚−1) ≤ 𝑠𝑠(𝑚𝑚), 
𝑠𝑠(𝑚𝑚) ≤ 𝑆𝑆(𝑚𝑚) ≤ 𝑠𝑠(𝑚𝑚) + 𝑑𝑑𝑠𝑠(𝑚𝑚), 𝑠𝑠(𝑚𝑚) + 𝑑𝑑𝑠𝑠(𝑚𝑚) ≤ 𝑆𝑆(𝑚𝑚+1), 

⋯ , 𝑠𝑠(𝑚𝑚) + 𝑑𝑑𝑠𝑠(𝑚𝑚) ≤ 𝑆𝑆(𝐾𝐾)) 

Abstract
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= ∑
(𝑞𝑞1,⋯,𝑞𝑞𝑙𝑙−1),𝑞𝑞𝑙𝑙,(𝑞𝑞𝑙𝑙+1,⋯,𝑞𝑞𝑚𝑚−1),𝑞𝑞𝑚𝑚,(𝑞𝑞𝑚𝑚+1,⋯,𝑞𝑞𝐾𝐾)

 

× 𝑃𝑃(𝑆𝑆𝑞𝑞1 ≤ 𝑠𝑠(𝑙𝑙), ⋯ , 𝑆𝑆𝑞𝑞𝑙𝑙−1 ≤ 𝑠𝑠(𝑙𝑙), 
 𝑠𝑠(𝑙𝑙) ≤ 𝑆𝑆𝑞𝑞𝑙𝑙 ≤ 𝑠𝑠(𝑙𝑙) + 𝑑𝑑𝑠𝑠(𝑙𝑙), 𝑠𝑠(𝑙𝑙) + 𝑑𝑑𝑠𝑠(𝑙𝑙) ≤ 𝑆𝑆𝑞𝑞𝑙𝑙+1 ≤ 𝑠𝑠(𝑚𝑚), 

⋯ , 𝑠𝑠(𝑙𝑙) + 𝑑𝑑𝑠𝑠(𝑙𝑙) ≤ 𝑆𝑆𝑞𝑞𝑚𝑚−1 ≤ 𝑠𝑠(𝑚𝑚), 
𝑠𝑠(𝑚𝑚) ≤ 𝑆𝑆𝑞𝑞𝑚𝑚 ≤ 𝑠𝑠(𝑚𝑚) + 𝑑𝑑𝑠𝑠(𝑚𝑚), 𝑠𝑠(𝑚𝑚) + 𝑑𝑑𝑠𝑠(𝑚𝑚) ≤ 𝑆𝑆𝑞𝑞𝑚𝑚+1, 

⋯ , 𝑠𝑠(𝑚𝑚) + 𝑑𝑑𝑠𝑠(𝑚𝑚) ≤ 𝑆𝑆𝑞𝑞𝐾𝐾) 

= ∑
(𝑞𝑞1,⋯,𝑞𝑞𝑙𝑙−1),𝑞𝑞𝑙𝑙,(𝑞𝑞𝑙𝑙+1,⋯,𝑞𝑞𝑚𝑚−1),𝑞𝑞𝑚𝑚,(𝑞𝑞𝑚𝑚+1,⋯,𝑞𝑞𝐾𝐾)

 

∫ ⋯
𝑠𝑠(𝑙𝑙)

−∞
∫ ∫ ∫ ⋯

𝑠𝑠(𝑚𝑚)

𝑠𝑠(𝑙𝑙)+𝑑𝑑𝑠𝑠(𝑙𝑙)

𝑠𝑠(𝑙𝑙)+𝑑𝑑𝑠𝑠(𝑙𝑙)

𝑠𝑠(𝑙𝑙)

𝑠𝑠(𝑙𝑙)

−∞
∫

𝑠𝑠(𝑚𝑚)

𝑠𝑠(𝑙𝑙)+𝑑𝑑𝑠𝑠(𝑙𝑙)
 

∫ ∫ ⋯
∞

𝑠𝑠(𝑚𝑚)+𝑑𝑑𝑠𝑠(𝑚𝑚)

𝑠𝑠(𝑚𝑚)+𝑑𝑑𝑠𝑠(𝑚𝑚)

𝑠𝑠(𝑚𝑚)
∫

∞

𝑠𝑠(𝑚𝑚)+𝑑𝑑𝑠𝑠(𝑚𝑚)
 

𝑓𝑓(𝑠𝑠1, 𝑠𝑠2,⋯, 𝑠𝑠𝐾𝐾)𝑑𝑑𝑠𝑠𝑞𝑞1 ⋯  𝑑𝑑𝑠𝑠𝑞𝑞𝑙𝑙−1 𝑑𝑑𝑠𝑠𝑞𝑞𝑙𝑙𝑑𝑑𝑠𝑠𝑞𝑞𝑙𝑙+1 
⋯  𝑑𝑑𝑠𝑠𝑞𝑞𝑚𝑚−1 𝑑𝑑𝑠𝑠𝑞𝑞𝑚𝑚 𝑑𝑑𝑠𝑠𝑞𝑞𝑚𝑚+1 ⋯  𝑑𝑑𝑠𝑠𝑞𝑞𝐾𝐾 . 

Here, the summation is taken for all sorts of decompositions  
(𝑞𝑞1, ⋯ , 𝑞𝑞𝑙𝑙−1), 𝑞𝑞𝑙𝑙,(𝑞𝑞𝑙𝑙+1, ⋯ , 𝑞𝑞𝑚𝑚−1), 𝑞𝑞𝑚𝑚, (𝑞𝑞𝑚𝑚+1, ⋯ , 𝐾𝐾) 

of  (1,2, ⋯ , 𝐾𝐾)  Therefore, we obtain  

lim
𝑑𝑑𝑠𝑠(𝑙𝑙)→+0,𝑑𝑑𝑠𝑠(𝑚𝑚)→+0

 

×
𝐺𝐺(𝑙𝑙),(𝑚𝑚)(𝑠𝑠(𝑙𝑙), 𝑠𝑠(𝑚𝑚) + 𝑑𝑑𝑠𝑠(𝑚𝑚)) − 𝐺𝐺(𝑙𝑙),(𝑚𝑚)(𝑠𝑠(𝑙𝑙), 𝑠𝑠(𝑚𝑚))

𝑑𝑑𝑠𝑠(𝑙𝑙)𝑑𝑑𝑠𝑠(𝑚𝑚)
 

= ∑
(𝑞𝑞1,⋯,𝑞𝑞𝑙𝑙−1),𝑞𝑞𝑙𝑙,(𝑞𝑞𝑙𝑙+1,⋯,𝑞𝑞𝑚𝑚−1),𝑞𝑞𝑚𝑚,(𝑞𝑞𝑚𝑚+1,⋯,𝐾𝐾)

 

∫ ⋯
𝑠𝑠(𝑙𝑙)

−∞
∫ ∫ ⋯

𝑠𝑠(𝑚𝑚)

𝑠𝑠(𝑙𝑙)

𝑠𝑠(𝑙𝑙)

−∞
∫ ∫ ⋯

∞

𝑠𝑠(𝑚𝑚)
∫

∞

𝑠𝑠(𝑚𝑚)

𝑠𝑠(𝑚𝑚)

𝑠𝑠(𝑙𝑙)
 

𝑓𝑓(𝑠𝑠1, ⋯ , 𝑠𝑠(𝑙𝑙),⋯,𝑠𝑠(𝑚𝑚), ⋯, 𝑠𝑠𝐾𝐾)𝑑𝑑𝑠𝑠𝑞𝑞1 ⋯  𝑑𝑑𝑠𝑠𝑞𝑞𝑙𝑙−1 𝑑𝑑𝑠𝑠𝑞𝑞𝑙𝑙+1 
⋯  𝑑𝑑𝑠𝑠𝑞𝑞𝑚𝑚−1  𝑑𝑑𝑠𝑠𝑞𝑞𝑚𝑚+1 ⋯  𝑑𝑑𝑠𝑠𝑞𝑞𝐾𝐾.. 
Here 𝑓𝑓(𝑠𝑠1, ⋯ , 𝑠𝑠(𝑙𝑙),⋯,𝑠𝑠(𝑚𝑚), ⋯, 𝑠𝑠𝐾𝐾) is obtained by  
substituting 𝑠𝑠(𝑙𝑙) and 𝑠𝑠(𝑚𝑚) into 𝑞𝑞𝑙𝑙th component and  
𝑞𝑞𝑚𝑚th component of 𝑓𝑓(𝑠𝑠1, 𝑠𝑠2,⋯, 𝑠𝑠𝐾𝐾)  The above derivation is 
similar when 

𝑑𝑑𝑥𝑥(𝑙𝑙) > 0, 𝑑𝑑𝑥𝑥(𝑚𝑚) < 0, 
𝑑𝑑𝑥𝑥(𝑙𝑙) < 0, 𝑑𝑑𝑥𝑥(𝑚𝑚) > 0 

or 
𝑑𝑑𝑥𝑥(𝑙𝑙) < 0, 𝑑𝑑𝑥𝑥(𝑚𝑚) < 0. 

Therefore, we obtain  
ℎ(𝑙𝑙),(𝑚𝑚)(𝑠𝑠(𝑙𝑙), 𝑠𝑠(𝑚𝑚)) 

= ∑
(𝑞𝑞1,⋯,𝑞𝑞𝑙𝑙−1),𝑞𝑞𝑙𝑙,(𝑞𝑞𝑙𝑙+1,⋯,𝑞𝑞𝑚𝑚−1),𝑞𝑞𝑚𝑚,(𝑞𝑞𝑚𝑚+1,⋯,𝐾𝐾)

 

∫ ⋯
𝑠𝑠(𝑙𝑙)

−∞
∫ ∫ ⋯

𝑠𝑠(𝑚𝑚)

𝑠𝑠(𝑙𝑙)

𝑠𝑠(𝑙𝑙)

−∞
∫ ∫ ⋯

∞

𝑠𝑠(𝑚𝑚)
∫

∞

𝑠𝑠(𝑚𝑚)

𝑠𝑠(𝑚𝑚)

𝑠𝑠(𝑙𝑙)
 

𝑓𝑓(𝑠𝑠1, ⋯ , 𝑠𝑠(𝑙𝑙),⋯,𝑠𝑠(𝑚𝑚), ⋯, 𝑠𝑠𝐾𝐾)𝑑𝑑𝑠𝑠𝑞𝑞1 ⋯  𝑑𝑑𝑠𝑠𝑞𝑞𝑙𝑙−1 𝑑𝑑𝑠𝑠𝑞𝑞𝑙𝑙+1 
⋯  𝑑𝑑𝑠𝑠𝑞𝑞𝑚𝑚−1  𝑑𝑑𝑠𝑠𝑞𝑞𝑚𝑚+1 ⋯  𝑑𝑑𝑠𝑠𝑞𝑞𝐾𝐾 . 

 
3. Explicit formulae of probability density function of 
𝑅𝑅(𝑙𝑙),(𝑚𝑚) = 𝑆𝑆(𝑚𝑚) − 𝑆𝑆(𝑙𝑙)  
 
We derived ℎ(𝑙𝑙),(𝑚𝑚)(𝑠𝑠(𝑙𝑙), 𝑠𝑠(𝑚𝑚)) in Section 2. Then, the 

probability density function of 𝑅𝑅(𝑙𝑙),(𝑚𝑚) = 𝑆𝑆(𝑚𝑚) − 𝑆𝑆(𝑙𝑙) is 
given by  

𝑔𝑔(𝑟𝑟(𝑙𝑙),(𝑚𝑚)) = ∫ ℎ(𝑙𝑙),(𝑚𝑚)(𝑠𝑠(𝑙𝑙), 𝑟𝑟(𝑙𝑙),(𝑚𝑚) + 𝑠𝑠(𝑙𝑙))∞
−∞ 𝑑𝑑𝑠𝑠(𝑙𝑙). 

If 𝑙𝑙 = 1, 𝑚𝑚 = 𝐾𝐾 , the probability density function of 
𝑅𝑅(1),(𝐾𝐾) = 𝑆𝑆(𝐾𝐾) − 𝑆𝑆(1) is given by  

𝑔𝑔(𝑟𝑟(1),(𝐾𝐾)) = ∫ ℎ(1),(𝐾𝐾)(𝑠𝑠(1), 𝑟𝑟(1),(𝐾𝐾) + 𝑠𝑠(1))∞
−∞ 𝑑𝑑𝑠𝑠(1). 

 
4. Applications 
4.1. Determination of critical value of all-pairwise multiple 
comparison for normal means 
 
Assume there are 𝐾𝐾  normal populations 𝑁𝑁(𝜇𝜇1, 𝜎𝜎2) , 

𝑁𝑁(𝜇𝜇2, 𝜎𝜎2) , ⋯ , 𝑁𝑁(𝜇𝜇𝐾𝐾, 𝜎𝜎2) . We consider the all-pairwise 
multiple comparison for 𝜇𝜇1, 𝜇𝜇2, ⋯ , 𝜇𝜇𝐾𝐾  Specifically, we set up 
a null hypothesis and its alternative hypothesis as  

𝐻𝐻𝑖𝑖,𝑗𝑗: 𝜇𝜇𝑖𝑖 = 𝜇𝜇𝑗𝑗 vs  𝐻𝐻𝑖𝑖,𝑗𝑗
𝐴𝐴 : 𝜇𝜇𝑖𝑖 ≠ 𝜇𝜇𝑗𝑗        (4 1) 

for 1 ≤ 𝑖𝑖 < 𝑗𝑗 ≤ 𝐾𝐾  and consider the simultaneous test for 
them  Let 𝑋𝑋𝑘𝑘1 , 𝑋𝑋𝑘𝑘2 ,⋯ , 𝑋𝑋𝑘𝑘𝑛𝑛𝑘𝑘 be a sample from 𝑁𝑁(𝜇𝜇𝑘𝑘, 𝜎𝜎2) 
for 𝑘𝑘 = 1,2, ⋯ , 𝐾𝐾  Let  

�̅�𝑋𝑘𝑘 = 1
𝑛𝑛𝑘𝑘

∑ 𝑋𝑋𝑘𝑘𝑖𝑖

𝑛𝑛𝑘𝑘

𝑖𝑖=1
   (𝑘𝑘 = 1,2, ⋯ , 𝐾𝐾), 𝑁𝑁 = ∑ 𝑛𝑛𝑘𝑘

𝐾𝐾

𝑘𝑘=1
, 

𝑠𝑠 = √1
𝜈𝜈 ∑ ∑(𝑋𝑋𝑘𝑘𝑖𝑖 − �̅�𝑋𝑘𝑘)2

𝑛𝑛𝑘𝑘

𝑖𝑖=1

𝐾𝐾

𝑘𝑘=1
 

where 𝜈𝜈 = 𝑁𝑁 − 𝐾𝐾  Tukey (1953) used a statistic  

𝑆𝑆𝑖𝑖,𝑗𝑗 =
|�̅�𝑋𝑖𝑖 − �̅�𝑋𝑗𝑗|

√ 1
𝑛𝑛𝑖𝑖

+ 1
𝑛𝑛𝑗𝑗

𝑠𝑠
 

for testing (4.1). Specifying the critical value 𝑐𝑐 for testing 
hypotheses (4.1), if 𝑆𝑆𝑖𝑖,𝑗𝑗 > 𝑐𝑐, we reject 𝐻𝐻𝑖𝑖,𝑗𝑗. Otherwise we 
retain 𝐻𝐻𝑖𝑖,𝑗𝑗. We determine the critical value 𝑐𝑐 so that  

𝑃𝑃 ( max
1≤𝑖𝑖<𝑗𝑗≤𝐾𝐾

𝑆𝑆𝑖𝑖,𝑗𝑗 > 𝑐𝑐) = 𝛼𝛼 
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for a specified significance level 𝛼𝛼. Here, 𝑃𝑃(∙) is the 
probability measure under the assumption that all 𝐻𝐻𝑖𝑖,𝑗𝑗s are 
true. If all 𝐻𝐻𝑖𝑖,𝑗𝑗s are true, we can assume 𝜇𝜇1 = 𝜇𝜇2 = ⋯ =
𝜇𝜇𝐾𝐾 = 0 without loss of generality. If 𝑛𝑛1 = 𝑛𝑛2 = ⋯ =
𝑛𝑛𝐾𝐾 = 𝑛𝑛,  

𝑃𝑃 ( max
1≤𝑖𝑖<𝑗𝑗≤𝐾𝐾

𝑆𝑆𝑖𝑖,𝑗𝑗 > 𝑐𝑐) 

is formulated. Specifically,  

𝑃𝑃 ( max
1≤𝑖𝑖<𝑗𝑗≤𝐾𝐾

𝑆𝑆𝑖𝑖,𝑗𝑗 > 𝑐𝑐) 

= 1 − 𝑃𝑃 ( max
1≤𝑖𝑖<𝑗𝑗≤𝐾𝐾

𝑆𝑆𝑖𝑖,𝑗𝑗 ≤ 𝑐𝑐) 

 

= 1 −∑𝑃𝑃

(

 0 ≤
√𝑛𝑛2 (�̅�𝑋𝑘𝑘 − �̅�𝑋𝑖𝑖)

𝑠𝑠 ≤ 𝑐𝑐 for 𝑖𝑖 ≠ 𝑘𝑘

)

 
𝐾𝐾

𝑘𝑘=1
 

= 1 − 𝐾𝐾∫ [∫ {Φ(𝑧𝑧) − Φ(𝑧𝑧 − √2𝑐𝑐𝑠𝑠0)}
𝐾𝐾−1𝜙𝜙(𝑧𝑧)𝑑𝑑𝑧𝑧

∞

−∞
]

∞

0
 

× 𝑔𝑔(𝑠𝑠0)𝑑𝑑𝑠𝑠0. 
Here Φ(𝑧𝑧) is the cumulative distribution function of 
𝑁𝑁(0,1), 𝜙𝜙(𝑧𝑧) is the probability density function of 𝑁𝑁(0,1) 
and 𝑔𝑔(𝑠𝑠0) is the probability density function of 𝑠𝑠0 = 𝑠𝑠/𝜎𝜎 
given by  

𝑔𝑔(𝑠𝑠0) =
𝜓𝜓𝜓𝜓/2

2(𝜓𝜓−2)/2Γ[𝜓𝜓/2] 𝑠𝑠0
𝜓𝜓−1exp [−𝜓𝜓𝑠𝑠0

2

2 ]. 

On the other hand, let  

𝑆𝑆𝑘𝑘 =
√𝑛𝑛�̅�𝑋𝑘𝑘
𝑠𝑠  

for 1 ≤ 𝑖𝑖 < 𝑗𝑗 ≤ 𝐾𝐾. (𝑆𝑆1, 𝑆𝑆2,⋯, 𝑆𝑆𝐾𝐾)′ is distributed 
according to 𝐾𝐾 -variate 𝑡𝑡-distribution with 𝜈𝜈 degrees of 
freedom and covariance matrix 𝐼𝐼𝐾𝐾. Here 𝐼𝐼𝐾𝐾 is 𝐾𝐾-
dimensional unit matrix. Arranging statistics 𝑆𝑆1, 𝑆𝑆2,⋯, 𝑆𝑆𝐾𝐾 in 
order of a size of value, assume  

𝑆𝑆(1) ≤ 𝑆𝑆(2) ≤ ⋯ ≤ 𝑆𝑆(𝐾𝐾). 
Letting 𝑅𝑅(1),(𝐾𝐾) = 𝑆𝑆(𝐾𝐾) − 𝑆𝑆(1), we obtain  

𝑃𝑃 ( max
1≤𝑖𝑖<𝑗𝑗≤𝐾𝐾

𝑆𝑆𝑖𝑖,𝑗𝑗 > 𝑐𝑐) = 𝑃𝑃(𝑅𝑅(1),(𝐾𝐾) > √2𝑐𝑐) 

Letting 𝑔𝑔(𝑟𝑟(1),(𝐾𝐾)) be the probability density function of  
𝑅𝑅(1),(𝐾𝐾), we obtain  

𝑃𝑃(𝑅𝑅(1),(𝐾𝐾) > √2𝑐𝑐) = ∫ 𝑔𝑔(𝑟𝑟(1),(𝐾𝐾))𝑑𝑑
∞

√2𝑐𝑐
𝑟𝑟(1),(𝐾𝐾). 

Specifically, the critical value 𝑐𝑐  of all-pairwise multiple 
comparison for a specified significance level can be obtained by  
the probability density function of 𝑅𝑅(1),(𝐾𝐾).  
 

4.2. Critical value of multiple comparison with a control for 
normal means 
 
We consider the multiple comparison with a control for 

comparing 𝜇𝜇1 with 𝜇𝜇2,⋯ , 𝜇𝜇𝐾𝐾 simultaneouly. Here, we 
assume  

𝜇𝜇1 ≥ 𝜇𝜇𝑘𝑘 
for 𝑘𝑘 = 2,3,⋯ , 𝐾𝐾 in advance of the test. We set up a null 
hypothesis and its alternative hypothesis as  

𝐻𝐻1,𝑖𝑖: 𝜇𝜇1 = 𝜇𝜇𝑖𝑖 vs  𝐻𝐻1,𝑖𝑖𝐴𝐴 : 𝜇𝜇1 > 𝜇𝜇𝑖𝑖        (4 2) 
for 𝑘𝑘 = 2,3,⋯ , 𝐾𝐾 and consider the simultaneous test for 
them. Dunnett (1955) used a statistic  

𝑆𝑆1,𝑖𝑖 =
�̅�𝑋1 − �̅�𝑋𝑖𝑖
√ 1𝑛𝑛1 +

1
𝑛𝑛𝑖𝑖 𝑠𝑠

 

for testing (4.2). Specifying the critical value 𝑐𝑐 for testing 
hypotheses (4.2), if 𝑆𝑆1,𝑖𝑖 > 𝑐𝑐, we reject 𝐻𝐻1,𝑖𝑖. Otherwise we 
retain 𝐻𝐻1,𝑖𝑖. We determine the critical value 𝑐𝑐 so that  

𝑃𝑃 ( max
𝑖𝑖=2,3,⋯,𝐾𝐾

𝑆𝑆1,𝑖𝑖 > 𝑐𝑐) = 𝛼𝛼. 

Here 

𝑃𝑃 ( max
𝑖𝑖=2,3,⋯,𝐾𝐾

𝑆𝑆1,𝑖𝑖 > 𝑐𝑐) 

can be formulated. Specifically, letting 

𝜆𝜆1,𝑖𝑖 =
𝑛𝑛𝑖𝑖

𝑛𝑛1 + 𝑛𝑛𝑖𝑖
, 

we obtain  

𝑃𝑃 ( max
𝑖𝑖=2,3,⋯,𝐾𝐾

𝑆𝑆1,𝑖𝑖 > 𝑐𝑐) 

= 1 − 𝑃𝑃 ( max
𝑖𝑖=2,3,⋯,𝐾𝐾

𝑆𝑆1,𝑖𝑖 ≤ 𝑐𝑐) 

= 1 − 𝑃𝑃

(

 �̅�𝑋1 − �̅�𝑋𝑖𝑖
√ 1𝑛𝑛1 +

1
𝑛𝑛𝑖𝑖 𝑠𝑠

≤ 𝑐𝑐 for 𝑖𝑖 = 2,3,⋯ , 𝐾𝐾

)

  

= 1 − 𝑃𝑃(√𝑛𝑛𝑖𝑖�̅�𝑋𝑖𝑖 ≤
√𝜆𝜆1,𝑖𝑖√𝑛𝑛1�̅�𝑋1 + 𝑐𝑐𝑠𝑠

√1 − 𝜆𝜆1,𝑖𝑖
 

for 𝑖𝑖 = 2,3,⋯ , 𝐾𝐾) 

= 1 −∑∫ ∫ Φ(√
𝜆𝜆1,𝑖𝑖𝑧𝑧 + 𝑐𝑐𝑠𝑠0
√1 − 𝜆𝜆1,𝑖𝑖

)
∞

−∞

∞

0

𝐾𝐾

𝑖𝑖=2
 𝜙𝜙(𝑧𝑧) 𝑔𝑔(𝑠𝑠0)𝑑𝑑𝑧𝑧𝑑𝑑𝑠𝑠0. 

On the other hand, (𝑆𝑆1,2, 𝑆𝑆1,3,⋯ , 𝑆𝑆1,𝐾𝐾) is distributed 
according to 𝐾𝐾 − 1 -variate 𝑡𝑡-distribution with 𝜈𝜈 degrees of 
freedom and covariance matrix (√𝜆𝜆1,𝑖𝑖𝜆𝜆1,𝑗𝑗).  Arranging 
statistics 𝑆𝑆1,2, 𝑆𝑆1,3,⋯ , 𝑆𝑆1,𝐾𝐾 in order of a size of value, assume  

Tsunehisa IMADA

－ 75 －



Note on Joint Probability Density Function of Dependent Ordered Statistics 

 - 115 - 

𝑆𝑆(1) ≤ 𝑆𝑆(2) ≤ ⋯ ≤ 𝑆𝑆(𝐾𝐾−1). 
Letting 𝑅𝑅(1),(𝐾𝐾−1) = 𝑆𝑆(𝐾𝐾−1) − 𝑆𝑆(1), we obtain  

𝑃𝑃 ( max
𝑖𝑖=2,3,⋯,𝐾𝐾

𝑆𝑆1,𝑖𝑖 > 𝑐𝑐) = 𝑃𝑃(𝑅𝑅(1),(𝐾𝐾−1) > 𝑐𝑐) 

Letting 𝑔𝑔(𝑟𝑟(1),(𝐾𝐾−1)) be the probability density function of  
𝑅𝑅(1),(𝐾𝐾−1), we obtain  

𝑃𝑃(𝑅𝑅(1),(𝐾𝐾−1) > 𝑐𝑐) = ∫ 𝑔𝑔(𝑟𝑟(1),(𝐾𝐾−1))𝑑𝑑
∞

𝑐𝑐
𝑟𝑟(1),(𝐾𝐾−1). 

Specifically, the critical value 𝑐𝑐 of multiple comparison with a 
control for a specified significance level can be obtained by  
the probability density function of 𝑅𝑅(1),(𝐾𝐾−1)  
 
5. Conclusions 
 
In this study, we discussed the joint probability density function 
of the ordered statistics constructed from plural dependent 
statistics. Specifically, we derived the probability density 
function of two statistics among the ordered statistics. Then, we 
derived the probability density function of the range of ordered 
statistics and applied it to determining the critical values of the 
all-pairwise multiple comparison procedure and the multiple 
comparison procedure with a control for normal means.  
However, there remain some problems to be solved in the 

future. We should clarify the advantage of determination of the 
critical values of the multiple comparison procedures by using 
the probability density function of the range of ordered 
statistics. Furthermore, we want to apply the probability density 
function of the range of ordered statistics to constructing more 
powerful stepwise multiple comparison procedures.  
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