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Abstract

The aim of this research report is to indicate that the maximum type I familywise error rate is strongly controlled

for the single step procedure, the sequentially rejective step down procedure and the step—up procedure for

multiple comparison for finding normal means which are not maximum among several normal means proposed by

Imada (2020).
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1. Introduction

When we test plural null hypotheses simultaneously,
we use multiple comparison procedures. The type |
error of multiple comparison procedures is called the
maximum type I familywise error rate denoted by FWER
as the abbreviated notation.

The maximum type I FWER is controlled weakly or
strongly. Controlling the maximum type I FWER weakly
means that the specified type I error is guaranteed only
when all null hypotheses are true. Specifically, if false
null hypotheses exist, the probability that at least one
true null hypothesis is rejected may be greater than
the specified Type I error. On the other hand,
controlling the maximum Type I FWER strongly means
that the probability that at least one true null
hypothesis is rejected is not greater than the specified
Type I error even when false null hypotheses exist.
Controlling the maximum Type I FWER strongly is more
preferable compared to controlling it weakly for multiple
comparison procedures.

Assume there are K normal populations N (u, 02)
(k=1,2,--+,K). The multiple comparison for comparing
Uy with u,, ps, -+, ug simultaneously is called multiple
comparison procedure with a control. It is known that
the maximum Type I FWER is strongly controlled for
the single step procedure proposed by Dunnett (1955),
the sequentially rejective step down procedure
proposed by Dunnett and Tamhane (1991) and the
step—up procedure proposed by Dunnett and Tamhane
(1992).

On the other hand, Imada (2020) discussed multiple
comparison procedures for finding normal means which

are not maximum among several normal means.
Specifically, Imada (2020) proposed the single step
procedure, the sequentially rejective step—down
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procedure and the step—up procedure. The maximum
Type I FWER is strongly controlled for these
procedures. The aim of this research report is to give
the indications for them.

2. Multiple comparison procedures for finding non—
maximum normal means

Assume there are K normal populations N (i, 52)
(k=1,2,---,K). We occasionally want to find
satisfying (;, = maxy<<glt; among Ly, Uy, +, Ug- Imada
(2020) discuss multiple comparison procedures for
finding p;, satisfying

Uy < MaXig<xly (k =12, 'K)

For example, assume there are several treatments
evaluated by normal response. We can find treatments
which are inferior to the best treatments by the
procedures.

Imada (2020) set up a null hypothesis H, and its
alternative hypothesis H;{“ as

Hy: e = maxyqegefty vs. Higt e < max;exe iy
for k = 1,2,---, Kand test them simultaneously using a
sample
Xiet» Xiezs 5 Xiemy,

from N(uy, o2) for k = 1,2,---, K. Note each null
hypothesis Hj is composite.

3. Single step procedure
First, we discuss the single step procedure for

H,, H,, -, Hg. Letting
=3 1
Xk = n_kZ?;chki (k = 1:21“"1(): N = Zlk{:lnk'

1 K ng
S = ;Z nkZ(in _Xk)z
k=1 =1

where v = YK_, n, — K, we use the statistic
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o VN (max;<<xX; — Xi)
=
s

for testing Hy. If S, > ¢ for a specified critical value
c (> 0), we reject Hj,. Otherwise we retain Hy,.

3.1. Determination of critical value

We determine ¢ for a specified significance level a.
if all Hys are true, the probability measure is denoted
by Py(+). Otherwise it is denoted by P(-). Specifically,
we determine ¢ so that

Py(max;x< Sk > ¢) = a
when all Hys are true. Imada (2020) derived
Py(max; g<x Sk > )
=1-Py(S;1<c¢,S,<¢,, Sk <¢)

K © © .
—-® \]::iz—c\/%v ¢ (2)g(v)dzdv.

Here ®(+)is the cumulative distribution function of
N(0,1), ¢(*) is the probability density function of
N(0,1) and g(v) is the probability density function of v
given by

3.1)

O T
9IW) = s v exp =57

3.2. Indicating that the specified Type I error is strongly
controlled

We indicate that the single step procedure using ¢
determined by (3.1) is strongly controlled at o. If we
assume

Pp=pp == =8> =6
fortl=k+1,k+2,-,K, (3.2)
H,,H,,--,Hy are true and Hy 1, Hyy,, -, Hy are false.
Letting
Z,=X,—6forl=12,-,k,
Z,=X,— 6 forl=k+1,k+2,-,K,
we obtain
Z,~N(0,0%/n;) for L = 1,2, K.
The probability that all H;, H,, -, H), are retained is
P(S;1<¢ S, <¢,, S <c)

_ _ s
=P(Xl <Xp+c—forl=1,2,--,Kandm

VN
=1,2,---,k)
s
=P(Z <Z,+c—forl=12,--,kandm
l m \/N
=12,k

s

Z,<Z,+8—06,+c— forl

l m l \/N
=k+1,k+2,--,Kandm

= 1,2,~-,k>

S
>P(Z <Z,+c—forl=1,2,---,Kandm
l m \/N

=12, k)
=Py(S<¢S,<c¢,,5 <c)
>Py(Si<c¢S,<c¢,Sx<c)=1-a.
Therefore
Py(max;<<S; > ¢) < «,
which means that the single step procedure is strongly
controlled at a.

4. Sequentially rejective step down procedure

The sequentially rejective step down procedure
consists of K — 1 steps of tests. Specify cg, cx_1,**, ¢y
satisfying

Cx > Cxoq > > Cy.
Arranging S;,S,, -, Sk in order of a size of value,
assume

0=S1)<Sz < <Sk). (4.1
H1y, Hey, o+ Hegy denote hypotheses corresponding to
Sy Se2y 5 Sey- Then, we test Hiyy, Hisy, o+, Hg
sequentially as follows. (Since Sy =0, Hpyy is
automatically retained.)
Step 1.
Case 1. If S¢xy < ¢k, we retain H(,), Hs), -+, Hk) and
stop the test.
Case 2. If S(xy > ¢k, we reject Hk) and go to the next
step.
Step 2.
Case 1. If Sx_1) < cx_y, we retain Hiyy, Hizy, -+, Hig—1)
and stop the test.
Case 2. If Sx_1) > cx_1, we reject Hy,_qy and go to
the next step.

Step K— 1.
Case 1. If S5y < ¢;, we retain H(,y and stop the test.
Case 2. If 55y > ¢, we reject H() and stop the test.

4.1. Determination of the critical value at each step of
the test

Let ck be the critical value of the single step
procedure for a. Assuming all H(1)'H(2): -~,H(K) are
true, we determine c,, (m = 2,3,+--,K — 1) as the
minimum c¢ satisfying

Po(maxkdl‘

Sc>c)<a (4.2)

lpdm
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for l;,1,, -, 1, chosen from 2,3, -+, K arbitrarily. Here
the formulation of Po(maxk=11,12,---,lm5k > C) is obtained
similarly. Trivially cgx > cx_q4 > - > 5.

4.2. Indicating that the specified Type I error is strongly
controlled

We indicate that the step—down procedure using
Ck,Cx—1,**,Cy is strongly controlled at a. Assume (3.2).
Defining the event E by

E:Si <c¢, Sy < ¢y, Sk S ¢,
we obtain Py(E) = 1 — a by (4.2). Then we obtain
P(E) = 1 — a by the similar derivation to Subsection
3.2. We assume that for S5, S,, -+, S the relation
Sy S S = S Sy
is derived from (4.1). Then ¢, < c;,, since k < iy.

(4.3)

Therefore under E

St S S = = S = Cipe
which means that H,, H,, -+, H;, are retained under E.
Therefore, the probability that H,, Hy, -+, H), are
retained is not less than 1 — a. It means that the
probability that at least one hypothesis among
H,,H,, -+, Hy is rejected is not greater than a.
Specifically, the sequentially rejective step down
procedure is strongly controlled at «.

5. Step up procedure

The step—up procedure consists of K — 1 steps of
tests. Specify cy, cx_1,, C, satisfying cx > cx_1 >
=+ > C,. Arranging S;, S5, -+, Sk in order of a size of
value, assume (4.1). Hiyy, Hz),*+, H(xy denote
hypotheses corresponding to S(l),S(z), ,S(K). Then,
we test H(y), Hs), =, Hgy by the step—up procedure as
follows. (Since S(;y = 0, H(y) is automatically retained.)
Step 1.

Case 1. If S5y < c,, we retain H(;y and go to the next
step.

Case 2.

If Siz) > ¢;, we reject Hy), Hz), -+, Hky and stop the
test.

Step 2.

Case 1. If S35y < ¢3, we retain H(3y and go to the next
step.

Case 2. If S3y > c3, we reject H(s), Hay, -+, Hik) and
stop the test.

Step K— 1.

Case 1. If Sx) < ck, we retain Hy, and stop the test.
Case 2.

If Sty > ¢k, we reject Hiyy and stop the test.

5.1. Determination of the critical value at each step of
the test

Assuming all Hys are true, we determine the critical
values ¢y, C3,**+, Ck recursively as follows. First, we
determine ¢; as the minimum c satisfying

Py(Sy<c)=1—aq,
for k = 1,2,---, K. Although c; is not used for the test,
it is necessary for determining c;, c3,:*, cCx recursively.
Next, we determine c, as the minimum c satisfying
Po((szl,szz) < (¢4, c)) >1-a

for 11,1, chosen from 1,2, -+, K arbitrarily. We repeat
similar steps. Specifically, we determine ¢,,, (m =
2,3,++,K — 1) as the minimum c satisfying

PO((Sllfslzt T Slm) < (1,62 Cmo1, C)) z2l1l-a
for 1y,1,,-++, L, chosen from 1,2,---,K arbitrarily. The
definition of the formula

(S1Siyr 5 S1,,) < (€1, €200, Cm1, C)
is given in Imada (2020).
Po((Sll;SlZ; !Slm) < (Cli €2, Cm—1» Cm))
is expressed by the sum of plural probabilities. Imada
(2020) gave the specific formula for m = 2,3. The
condition
Cx > Cpog > >0y (5.1)

is necessary for constructing the step—up procedure.
(5.1) can be mathematically proved only for K = 2,3.
However, (5.1) is true for K < 5 in the numerical
results in Imada (2020).

5.2. Indicating that the specified Type I error is strongly
controlled

We indicate that the step—up procedure using
5, C3,°**, Ck is strongly controlled at a. Assume (3.2)
and (4.2). We assume that for S;,S,,++,S; (4.3) is
derived from (4.2). Defining the event E by

E:Suy S c1Sau,) < €200 Sy < Cre
we obtain Py(E) = 1 — a. Then we obtain
P(E) 21—«
similarly. We show S,y < ¢, for 1 < m < iy under E.
Ifm<i;, Somy < Sy < €1 < G- Next assume
ip, <m < ip4q. Then we obtain
Sam) < Stipyy) S Chaa-

Since h < iy <m, h+1<m. Sy < ¢y, since
Ch+1 < Cp- This means that Hy, H,, -+, Hy are retained
till Step iy. Therefore Hy, H,, -+, H;, are retained under
E. It means that the probability that H,, H,, -, H}, are
retained is not less than 1 — a. It means that the
probability that at least one hypothesis among
Hi,H,,--, Hy is rejected is not greater than a.
Specifically, the step—up procedure is strongly
controlled at a.

-26 -



Control of Maximum Type | Familywise Error Rate of Certain Multiple Comparison Procedures

6. Conclusions

In this study we indicated that the maximum Type |
error is strongly controlled for the single step
procedure, the sequentially rejective step down
procedure and the step—up procedure for multiple
comparison for finding normal means which are not
maximum among several normal means proposed by
Imada (2020).

Although controlling the maximum Type | FWER
strongly is the preferable property for multiple
comparison procedures, some researchers point out
that it is the severe restriction. Specifically, the power
of the test tends to be lower.

Recently, other types of concepts regarding the
control of the maximum Type I FWER are proposed. For
example, the false discovery rate denoted by FDR is
proposed by Benjamini and Hochberg (1995), which
controls the expected proportion of falsely rejected
hypotheses and is the weaker restriction regarding the
maximum Type I error compared to controlling the
maximum Type I FWER strongly. We want to construct
the multiple comparison procedures for finding hormal
means which are not maximum among several normal
means controlling FDR.
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